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Abstract
This paper presents a closed form polynomial expression for the
cyclotomic polynomial Φpq(X), where p, q are distinct primes. We
contrast this against expressions for binary cyclotomic polynomials in
(Lam and Leung 1996) and (Lenstra 1979). In addition, we present
a related result on factoring Xab − 1, where a, b are coprime natural
numbers.
1 Introduction
This paper presents two theorems. Theorem 2.4 is a closed form polynomial
expression for the cyclotomic polynomial Φpq(X), where p and q are distinct
primes. Related to that result, theorem 2.3 is a factorization of Xab − 1,
where a and b are coprime natural numbers.
There exists a rich body of literature exploring the cyclotomic poly-
nomial Φpq(X). To my knowledge, the exploration of Φpq(X) began with
Miggotti in 1883, when he showed that the coefficients of Φpq(X) are within
{1,−1, 0}.[mIG83]
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Similarly to this paper, a multitude of authors have proposed explicit
expressions for Φpq(X). We contrast our expression for Φpq(X) against the
expressions proposed by Lenstra in 1979[HWL79] and Lam and Leung in
1996[LL96].
Lenstra demonstrated in 1979 that
Φpq(X) =
λ−1∑
i=0
µ−1∑
j=0
X ip+jq −
q−1∑
i=λ
p−1∑
j=µ
X ip+jq−pq (1.1)
where λ, µ ∈ N such that 0 < λ < q, 0 < µ < p, λp ≡q 1 and
µq ≡p 1.[HWL79]
Lam and Leung demonstrated in 1996 the conditions under which the
coefficients of Φpq(X) are 1,−1, or 0. Using a result from Boot and Green-
berg[BG64] that there exists non-negative integers r, s such that rp + sq =
(p− 1)(q − 1), Lam and Leung showed,
Φpq(X) =
(p−1)(q−1)∑
k=0
akX
k (1.2)
where ak = 1 if and only if there exists a solution to k = ip+ jq for some
i ∈ [0, r] and j ∈ [0, s]; ak = −1 if and only if there exists a solution to
k+ pq = ip+ jq for some i ∈ [r+1, q−1] and j ∈ [s+1, p−1]; lastly, ak = 0
otherwise.[LL96]
However, as we will demonstrate in corollary 2.1 both (1.1) and (1.2) are
identical once simplified.
The main result of this paper, in theorem 2.4, stands at contrast against
the expressions (1.1) and (1.2). An advantage of the above expressions is
that they lend themselves to some analysis tasks well. However, the main
disadvantage of both the above expressions is that they require solving for
integer solutions of µ, λ and r, s respectively. A possible route for further
research is investigating the full repercussions of the expression we present
equalling the above expressions for Φpq(X).
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2 Theorems
Corollary 2.1. The expressions (1.1) and (1.2) can be simplified to identical
expressions.
Proof. From [HWL79], given distinct primes p,q, and λ, µ ∈ N such that
0 < λ < q, 0 < µ < p, λp ≡q 1 and µq ≡p 1. However, λ is simply
the multiplicative inverse of p modulo q in its unique reduced form, and
µ is the multiplicative inverse of q modulo p in its unique reduced form.
Euler’s Totient Theorem implies that, λ = [pq−2]q and likewise, µ = [q
p−2]p.
Implying,
Φpq(X) =
[pq−2]q−1∑
i=0
[qp−2]p−1∑
j=0
X ip+jq −
q−1∑
i=[pq−2]q
p−1∑
j=[qp−2]p
X ip+jq−pq (2.1)
From [BG64], as p, q are distinct primes, there exists r, s are such that
they are the smallest non-negative integers solution to rp+sq = (p−1)(q−1).
As well [BG64] showed that (s + 1)q ≡p 1, and likewise (r + 1)p ≡q 1. By
the same logic as above, it follows that, s = [qp−2]p − 1 and r = [p
q−2]q − 1.
However, [LL96] show that
Φpq(X) =
(p−1)(q−1)∑
k=0
∃i∈[0,r],j∈[0,s]
:k=ip+jq
Xk −
(p−1)(q−1)∑
k=0
∃i∈[r+1,q−1],j∈[s+1,p−1]
:k+pq=ip+jq
Xk (2.2)
However,
{k ∈ N : 0 ≤ k ≤ (p− 1)(q − 1) and ∃i ∈ [0, r], j ∈ [0, s] s.t. k = ip+ jq}
is trivially equal to {ip+ jq : i ∈ [0, r], j ∈ [0, s]}. Likewise,
{k ∈ N : 0 ≤ k ≤ (p−1)(q−1) and ∃i ∈ [r+1, q−1], j ∈ [s+1, p−1] s.t. k+pq = ip+jq}
is trivially equal to {ip+ jq− pq : i ∈ [r+ 1, q− 1], j ∈ [s+ 1, p− 1]}. Thus,
we can rewrite (2.2) as,
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Φpq(X) =
r∑
i=0
s∑
j=0
X ip+jq −
q−1∑
i=r+1
p−1∑
j=s+1
X ip+jq−pq (2.3)
=
[pq−2]q−1∑
i=0
[qp−2]p−1∑
j=0
X ip+jq −
q−1∑
i=[pq−2]q
p−1∑
j=[qp−2]p
X ip+jq−pq (2.4)
Thus, once the reduced value are substituted for µ, λ and s, r we arrive
at the identical formulas (2.1), (2.4).
Lemma 2.2. Given a, b, i ∈ N such that a is coprime to b and a > b,
X [ai]b + (Xb − 1)(
⌊ai
b
⌋∑
j=1
Xai−bj) = Xai
Proof. Consider a, b, i ∈ N such that a is coprime to b and a > b. If i=0,
then
X [a0]b + (Xb − 1)(
⌊a0
b
⌋∑
j=1
Xa0−bj) = X0 + (Xb − 1) ∗ 0 = X0
If i>0, then
X [ai]b + (Xb − 1)(
⌊ai
b
⌋∑
j=1
Xai−bj) =X [ai]b + (Xb − 1)(
ai−[ai]b
b∑
j=1
Xai−bj)
=X [ai]b + (
ai−[ai]b
b∑
j=1
Xai−bj+b)− (
ai−[ai]b
b∑
j=1
Xai−bj)
=X [ai]b + (
ai−[ai]b
b
−1∑
j=0
Xai−bj)− (
ai−[ai]b
b∑
j=1
Xai−bj)
=X [ai]b +Xai −Xai−b(
ai−[ai]b
b
)
=Xai
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Theorem 2.3. Given a, b ∈ N such that a is coprime to b and a > b.
Xab − 1 = (Xa − 1)(
b−1∑
i=0
X i)(1 + (X − 1)
b−1∑
i=0
⌊ai
b
⌋∑
j=1
Xai−bj)
Proof. Given a, b ∈ N : a, b are coprime and a > b, let V = {0, 1, 2, ..., b−1},
W = {ai : i ∈ V }.
From the definition of complete residue systems, [Raj13] definition 13, V
forms a complete residue system modulo b. As a, b are coprime, from [Raj13]
Theorem 24, it follows that W forms a complete residue system modulo b.
Therefore {[i]b : i ∈ W} = {[i]b : i ∈ V } = V . Let U = {[i]b : i ∈ W}. It
follows that,
b−1∑
i=0
(X [ai]b) =
∑
u∈U
(Xu) =
∑
v∈V
(Xv) =
b−1∑
i=0
(X i) (2.5)
Consider Xab − 1.
Xab − 1 = (Xa − 1)
b−1∑
i=0
Xai (2.6)
Using lemma 2.2, we substitute Xai,
(Xa − 1)
b−1∑
i=0
Xai = (Xa − 1)
b−1∑
i=0
(X [ai]b + (Xb − 1)
⌊ ai
b
⌋∑
j=1
Xai−bj) (2.7)
= (Xa − 1)(
b−1∑
i=0
(X [ai]b) + (Xb − 1)
b−1∑
i=0
⌊ai
b
⌋∑
j=1
Xai−bj) (2.8)
Using equation 2.5,
= (Xa − 1)(
b−1∑
i=0
X i + (Xb − 1)
b−1∑
i=0
⌊ai
b
⌋∑
j=1
Xai−bj) (2.9)
= (Xa − 1)(
b−1∑
i=0
X i)(1 + (X − 1)
b−1∑
i=0
⌊ai
b
⌋∑
j=1
Xai−bj) (2.10)
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Thus,
Xab − 1 = (X − 1)(
a−1∑
i=0
X i)(
b−1∑
i=0
X i)(1 + (X − 1)
b−1∑
i=0
⌊ ai
b
⌋∑
j=1
Xai−bj) (2.11)
Theorem 2.4. Given distinct primes p and q such that p > q.
Φpq(X) = (1 + (X − 1)
q−1∑
i=0
⌊ pi
q
⌋∑
j=1
Xpi−qj)
Proof. From [Ge] Theorem 4,
Xm − 1 =
∏
k∈{k∈N:k|m}
Φk(X)
Given distinct primes p, q such that p > q, consider the following:
Xpq − 1 =
∏
k∈{k∈N:k|pq}
Φk(X) (2.12)
=
∏
k∈{1,p,q,pq}
Φk(X) (2.13)
=(X − 1)(
p−1∑
i=0
X i)(
q−1∑
i=0
X i)Φpq(X) (2.14)
Implying,
Φpq(X) =
Xpq − 1
(X − 1)(
∑p−1
i=0 X
i)(
∑q−1
i=0 X
i)
(2.15)
By Theorem 2.3, this implies,
Φpq(X) =
(X − 1)(
∑p−1
i=0 X
i)(
∑q−1
i=0 X
i)(1 + (X − 1)
∑q−1
i=0
∑⌊ pi
q
⌋
j=1 X
pi−qj)
(X − 1)(
∑p−1
i=0 X
i)(
∑q−1
i=0 X
i)
(2.16)
Φpq(X) = 1 + (X − 1)
q−1∑
i=0
⌊ pi
q
⌋∑
j=1
Xpi−qj (2.17)
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